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 Stream function 
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1.  Introduction 
 
All electronic components generate heat when it’s used. Surrounding temperature of the electronic components have a 
direct impact on the performance of the device. In order to achieve the optimal performance of the device, the temperature 
should be within the prescribed limit. Electronic components mounted on the vertical boards, these form channels or 
cavities and the heat generated by the components is removed by a naturally induced flow of air. Thermally induced 
buoyancy forces for the fluid motion and transport processes generated in an enclosure is getting much importance because 
of its practical significance in science and technology. The topic of natural convection in enclosures is one of the most 
active areas in heat transfer research today. The current study is the prototype of many industrial and engineering 
applications such as cooling of electronic equipments, meteorology, geophysics, operations and safety of nuclear reactors, 
energy storage, fire control, studies of air movement in attics and greenhouses, solar distillers, growth of crystals in liquids 
etc. Buoyancy driven flows are complex because of essential coupling between the flow and thermal fields.  
In the literature, investigation on natural convection heat transfer reported that the heat transfer occurs in an enclosure 
due to the temperature differences across the walls, a benchmark solution to natural convection of air flow in a square cavity 
with differentially heated walls was given by Davis et al. [1] where 103  Ra 106 was considered. A comparison exercise 
was also performed by Davis and Jones [2] to confirm the accuracy of the benchmark solution. Natural convection of air in 
enclosures heating from below and symmetrically cooling from the sides has been numerically investigated using stream 
function-vorticity formulation by Ganzarolli and Milanez [3]. Natural convection of air in enclosures heating from one side 
and cooling from the ceiling has been numerically investigated using stream function-vorticity formulation by Aydin et al. 
[4]. Natural convection of rectangular enclosures with localized heating from bottom and cooling from the sides has been 
numerically investigated in which air is used as a working fluid has been studied by Aydin and Yang [5]. The heat transfer 
of a rectangular cavity with adiabatic side walls and aspect ratios of 1, 2, 4 and 8 is considered, along with the inclination 
angle of the enclosure was varied from 0o to 1800  and the effect of inclination on flow field and heat transfer is studied in 
the paper by Chang [6]. Natural convection in enclosure with discrete isothermal heating from below is studied numerically 
using finite element method with aspect ratios of 0.5 to 1 and inclination angle of 0o to 300 was considered, where the 
pressure-velocity form of the Navier–Stokes equations and energy equation are used to represent the mass, momentum, and 
energy conservations of the fluid medium in the enclosure by Saha et al. [7].  Radhwan et al.  8] have studied the natural 
convection in  a square enclosure with discrete heating of one vertical wall with isothermal heating strip, the remainder of 
the wall and the opposing one are isothermally maintained at a lower temperature where they have found that the variation 
of the local Nusselt number is influenced by this flow pattern and the average Nusselt number is higher than that of a 
discrete heating strip mounted on an adiabatic wall. Nasr et al. [9] have  studied the natural convection in an enclosed cavity 
heated from the lower corner and cooled from the ceiling using the control volume method and solved the full vorticity 
transport equation together with the stream function and energy equations. A laminar natural convection in an inclined 
complecated cavity with three flat and one wavy walls is numerically investigated by Dalal et al. [10] where they have used 
simple algorithm with deferred quick scheme in curvilinear coordinates and found that the angle of inclination affects the 
flow and heat transfer rate in the cavity. Barletta et al. [11] have studied the natural convection in a 2D cavity with two 
vertical isothermal walls and two adiabatic walls which are either straight and horizontal or elliptic and the dimensionless 
mass, momentum and energy balance equations are solved by means of two different software packages based on Galerkin 
finite element methods which provides a cross-validation of the results. Natural convection in differentially heated and 
partially divided square cavities with internal heat generation is studied by  Oztop and  Bilgen [12] where the vertical walls 
were isothermal, horizontal walls adiabatic and an isothermal partition at the reference temperature was attached to the 
bottom wall. They have obtained the result for various geometrical parameters specifying the height, thickness and position 
of the partition. Wang and Hamed [13] have studied the natural convection in inclined rectangular enclosures subjected to 
bidirectional temperature gradients where they have found that the thermal conditions of cavity end walls have a significant 
effect on mode-transition of thermal convection flows and hence, on heat transfer effectiveness inside the cavity, and on the 
Hysteresis phenomenon (multi-steady solutions) occurred as the cavity angle of inclination varied. Jin et al. [14] have 
studied the effects of rotation on natural convection cooling from three rows of heat sources in a rectangular cavity and 
found that the optimal distribution of heaters in rotating fluid is close to the results in the stationary situation if they have 
same dominated circulation direction. Numerical study of the natural convection flow resulting from the combined 
buoyancy effects of thermal and mass diffusion in a cavity with differentially heated side walls is studied by Snoussi et al. 
[15] using the Control-Volume based Finite Element Method (CVFEM) and solves the full vorticity transport equation 
together with the stream function, concentration and energy equations. Ali and Hasanuzzaman [16] did an experimental 
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investigation natural convection heat transfer through a square enclosure of V-corrugated vertical plates. The result shows 
the increase of mass flow rate increases the heat transfer rate and the decrease of water inlet temperature increases the heat 
transfer rate. Mohamed A. Teamah et al. [17] investigated double diffusive convective flow in a square enclosure with 
segmented heat sources solved numerically. The numerical procedure adopted in this analysis yields consistent performance 
over a wide range of parameters, Rayleigh number (103  Ra  106), dimensionless heater lengths (0.2  L/H  1), buoyancy 
ratio (-10  N 10) and Prandtl number (0.01  Pr 100). The results were compared with previous results and good 
agreements were found.  Dixit and Babu [16] used lattice Boltzman method to stimulate high Rayleigh number in natural 
convection for a square cavity. The flow goes turbulent for Ra 108, for Ra 106 the flow is laminar. Aswatha et al. [17] 
have studied natural convection of air in a cavity subject to uniform, sinusoidal and linearly varying temperature at the 
bottom wall, symmetrically cooled side walls with uniform temperature and insulated top wall for the range of Ra from 103 
to 107 and aspect ratios of  0.5 and 1.  
 
 The objective of the present work paper is to investigate the flow and heat transfer characteristics in a rectangular cavity 
using the stream function-vorticity formulation of the Navier-Stokes and energy equations subject to uniform temperature at 
an adiabatic bottom wall with two discrete heat sources. Side walls are symmetrically cooled with uniform temperature and 
top wall is adiabatic. The range of Ra varies from 103 to 107 based on the cavity height. An implicit finite difference 
together with successive over relaxation (SOR) method is applied to solve the non-dimensional governing equations.  As it 
appears from the existing literature, this study is the first attempt at studying the natural convection phenomenon in an 
enclosure under the above mentioned thermal conditions. The partial heating from the bottom simulates the electronic 
components such as chips. As natural convection flow in enclosures arises in many engineering process, the results to be 
obtained here may be applicable to other fields as well. The effects of the Rayleigh number on the fluid flow and heat 
transfer is determined.  
 
 
2.  Formulation of the problem 
 
A cavity as illustrated in Fig.1 is chosen for simulating natural convective flow and heat transfer characteristics. The 
cavity has the bottom wall with two heat sources which is assumed to be isothermally heated at constant temperature TH, the 
side walls are isothermally cooled at a constant temperature TC, while the bottom wall, except the heated part, and the top 
wall are considered to be adiabatic. The inertia force is negligible and the medium is considered to be isotropic. We consider 
the flow of air in the cavity where buoyant flow develops because of the thermal induced density gradient. Heat transfers 
from hot wall to cold walls. The governing equations for natural convection flow and conservation of mass, momentum and 
energy are written as: 
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Fig.1. Schematic figure and coordinate systems 
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(4) 
 
Non- dimensional vorticity – velocity – temperature equations 
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The non-dimensional stream function, , satisfies the following equations 
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Boundary Conditions : 
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where  is the non-dimensional heat source length. 
 
3.   Numerical procedures 
 
The governing equations (5)-(7) along with the boundary conditions (10) are solved numerically, employing finite 
difference method. The convective and the diffusion terms are discretised by the central difference formula. The velocity-
vorticity and the energy equations are solved using Alternating Direction Implicit (ADI)  method and the stream function 
equation is solved by SOR (successive over relaxation) scheme where the relaxation parameter lies between 0 and 1. Here 
the grid is 100 100 and the time step dt = 10-3 is considered for the whole computations. 
 
4.   Results and discussion 
 
The stream function-vorticity and energy equations (5)-(7) along with boundary conditions (10), are solved using an 
implicit finite difference together with successive over relaxation (SOR) method is applied to solve the non-dimensional 
governing equations. Figure 2 (a)-(b) describes the streamline and isotherms respectively for Ra = 103. In figure 2(c)-(d), we 
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get similar patterns in the streamlines and isotherm while in this case we consider Ra = 104.  In these cases, the flow is 
dominated the conduction effect. The streamlines form two symmetric cells with one is anti-clockwise (primary vortex) and 
the other one is clockwise (secondary vortex) rotating. However in case of Ra = 105, we get centrally located hot cell but the 
cool cell gets decentralized and corresponding isotherm illustrates a counter clockwise flow of fluid. As we can observe in 
figure 2c, the hot fluid is lifted up from the second heat source along the right cold wall of the cavity towards the adiabatic 
ceiling and then flows down to the first heat source along the right cold wall of the cavity. In figure 2d, we notice that for Ra 
= 106 the result of interaction between warmer and colder fluid streams, the hot streamline cell grows wider and the 
shrinking cool streamline cell moves to top right corner of the cavity. Corresponding isotherm indicates an increase in the 
fluid flow inside the cavity. In the last figure 2e, that is for Ra = 107, the colder streamline cell disappears and the hot 
streamline cell fills up the hole cavity with the centre in the upper right quadrant of the cavity. The isotherms indicates a 
rapid cooling as the ascending warmer fluid lifted along the right conductive wall gets manoeuvred along adiabatic ceiling 
by a anti-clockwise circulation and gets cooled by the left conductive wall. 
 
 
 
min = -0.145679 and max = 0.145891 
Ra = 103 
 
min = 0.05 and max = 0.95 
Ra = 103 
 
min = -2.22656 and max = 2.39504 
Ra = 104 
 
min = 0.1 and max = 0.9 
Ra = 104 
 
min = -6.43348 and max = 22.4412 
Ra = 105 
 
min = 0.05 and max = 0.95 
Ra = 105 
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0
-0.02
-0.04
-0.06
-0.08
-0.1
-0.12
-0.14
X
(a)
Y
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
0.95
0.9
0.85
0.8
0.75
0.7
0.65
0.6
0.55
0.5
0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
X
(a)
Y
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
2
1.5
1
0.5
0
-0.5
-1
-1.5
-2
X
(b)
Y
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
X
(b)
Y
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
20
15
10
5
0
-5
(c)
Y
X
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
(c)
Y
X
109 Fahad Sadekin Zaman et al. /  Procedia Engineering  56 ( 2013 )  104 – 111 
 
min = -12.9346 and max = 65.2733 
Ra = 106 
 
min = 0.05 and max = 0.95 
Ra = 106 
 
min = -8.84816 and max = 92.1394 
Ra = 107 
 
 
 
min = 0.05 and max = 0.95 
Ra = 107 
Fig. 2. Streamlines (left) and isotherms (right) for (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) Ra = 106; and (e) Ra = 107. 
 
  
 
Fig. 3. Velocity distribution at  x/H = 0.5  (a) horizontal velocity  U (b) vertical velocity  V 
 
Figure 3, shows the U and V velocity distribution at the mid plane of x (x/H= 0.5) for Ra = 103, 104, 105, 106 and 107. 
Both U and V velocity for Ra = 103 and 104 is almost zero. However for U-velocity, as the Ra increases the values start to 
change.  As we see little change for 105, there are sharp changes for 106 and 107. While we observe negative values for 106 
with a peak of -160.9234, we get sort of a sinusoidal curve for 107 where peak positive value is 52.9224 and peak negative 
value is -24.8315. Meanwhile for V-velocity, we observe a sinusoid similar curve for Ra = 105 and 106. In case of 105 the 
negative peak is at -96.8676 and the positive peak is at 107.5218, while in case of 106 the negative peak is at -263.0850 and 
the positive peak is at 250.4922. However for Ra = 107 we observe a slightly different curve where there is a sharp positive 
peak with negative peak at -410.9853 and the positive peak at 925.7389.  
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Fig. 4. Velocity distribution at  y/H = 0.5  (a) horizontal velocity  U (b) vertical velocity  V. 
Fig. 5. Rate of heat transfer from the bottom wall for the different Rayleigh number, Ra. 
 
The U and V velocity distribution at the mid plane of y (y/H =0.5) for Ra = 103, 104, 105, 106 and 107 are depicted in 
Figure 4. Both U and the V velocity for Ra = 103 is very slow. However for U velocity, as the Ra number increases to 104 
the value remains almost same.   A change is noticed for 105, while there are sharp changes for 106 and 107. While we 
observe a sinusoid similar curve for Ra = 105 and 106. For 105 we get the positive peak at 76.7706 and negative peak at -
60.1649, where for 106 we get the positive peak at 302.2808 and negative peak at -249.0037. For 107 we get a sharp positive 
peak at 498.8073 and the negative peak at -415.0375. Meanwhile for V-Velocity, we observe a sort of elliptic curve for Ra 
= 104 with maximum value at 16.0494. In case of 105 the maximum value is 41.2675 while for 106 we get the maximum 
value at 65.7769. However for Ra = 107 we observe a slowly oscillating curve where there is a large negative peak at -
140.8137and the positive peak is at 14.3060. These sorts of sharp changes occur because at the high Rayleigh number the 
fluid temperature is very high and both the velocities increases instantaneously. 
 
Figure 5, describes the heat transfer characteristics of the cavity. As we can observe there is a sharp increase in the heat 
transfer rate at the edges of the heat sources while the heat transfer rate is almost zero at adiabatic parts of the bottom wall. 
It shows a slight negative value due to boundary conditions which can be considered as negligible. Now for the first heat 
source from the left we observe that, with increase in the Ra = 103, 104, 105, 106 and 107 the heat transfer rate increases 
significantly with sharp change at the edges. However in case of the second source while for Ra = 103, 104 and 105 the left 
edge of the source shows sharp increase in heat transfer rate, for Ra = 106 and 107 the sharp change occurs at the left edge of 
the source. Though, the heat sources show similar characteristics as we expected. In case of heat transfer it is also applicable 
that due to high Rayleigh number, we have an increase in the fluid temperature. As a result of which the heat transfer rate 
characteristics also changes and we observe an opposite graph for the second source compared with the first one. 
 
 
5.  Conclusion 
 
In the present paper a problem on natural convection laminar flow from two discrete heating at the bottom wall has 
been investigated numerically by employing an implicit finite difference method together with a Successive Over-
Relaxation (SOR) technique. The results have been presented for the chosen fluid of Prandtl number Pr =0.71 and the 
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Rayleigh number Ra (= 103, 104, 105, 106, 106). From the present investigation the following conclusion may be drawn: 
 For increasing values of the Rayleigh number, the flow rate increases in both clock wise and anti-clockwise 
direction. 
 The local rate of heat transfer from the heated parts increase owing to increase the Rayleigh number. 
 Heat transfer rate at second source shows slightly different characteristic at higher Rayleigh numbers compared 
with the first source as it is observed. 
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